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Sommario
In questa tesi analizziamo immagini del fundus in supporto alla diagnosi di
malattie dell’occhio quale il glaucoma, la seconda causa principale di cecita’ al
mondo.1 In particolare, siamo interessati allo studio della forma tridimensionale della retina ed allo sviluppo di algoritmi per la sua inferenza da immagini
bidimensionali ottenute da una stereo fundus camera.
Per arrivare a tali algoritmi, investighiamo vari modelli di formazione delle
immagini e ne validiamo l’accuratezza sia a livello analitico che sperimentale.
Questi modelli vengono poi usati per correlare le misure (immagini retiniche) con
la superficie tridimensionale della retina.
I principali contributi di questa tesi sono l’analisi di sistemi fundus camera
monoculari, l’introduzione di un nuovo metodo di calibrazione per stereo fundus
camera e la progettazione di nuovi metodi per l’inferenza della superficie della
retina. In particolare, nel primo contributo si dimostra che la ricostruzione della
superficie della retina da sistemi fundus camera monoculari non e’ possibile.

1

”Glaucoma, Normal Tension, Susceptibility To.” OMIM - Online Mendelian Inheritance in
Man. Accessed October 17, 2006
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Chapter 1
Introduction
1.1

Vision and the Visual System

The objective of this thesis is to analyze two-dimensional (2D) retinal images in
order to obtain a three-dimensional (3D) reconstruction of the fundus, suitable
for medical diagnosis.
Medical imaging is playing an increasingly important role in the diagnosis and
treatment of disease: it allows scientists and physicians to understand potentially
lifesaving information without doing anything harmful to the patient. In particular, retinal imaging is an highly specialized form of medical imaging dedicated
to the study and the treatment of the eye disorders.
After an accurate analysis of 2D images, we are going to deal with the 3D
reconstruction problem which is one of the most basic and important topics in
computer vision. Using 3D reconstruction technology, we can extract 3D structure
information of real object using only two or more image data sources. Among 3D
computer vision problems, we are going to concentrate on stereo vision problem.
In the next sections of this chapter only the 3D reconstruction problem will
be introduced; retinal imaging will be accurately presented in the next Chapter.

1.2

What is Computer Vision?

As a scientific discipline, computer vision is concerned with the theory and technology for building artificial systems that obtain information from images or
multi-dimensional data. Information, as defined by Shannon, is that which enables a decision [48]. Since perception can be seen as the extraction of information
from sensory signals, computer vision can be seen as the scientific investigation
of artificial systems for perception from images or multi-dimensional data.
The field of computer vision can be characterized as immature and diverse.
Even though earlier work exists, it was not until the late 1970s that a more focused
study of the field started when computers could manage the processing of large
data sets such as images. However, these studies usually originated from various
11
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Figure 1.1: Relation between Computer vision and various other fields.

other fields, and consequently there is no standard formulation of ”the computer
vision problem” [42]. Also, and to an even larger extent, there is no standard formulation of how computer vision problems should be solved. Instead, there exists
an abundance of methods for solving various well-defined computer vision tasks,
where the methods often are very task specific and seldom can be generalized
over a wide range of applications. Many of the methods and applications are still
in the state of basic research, but more and more methods have found their way
into commercial products, where they often constitute a part of a larger system
which can solve complex tasks (e.g., in the area of medical images, or quality
control and measurements in industrial processes). In most practical computer
vision applications, the computers are pre-programmed to solve a particular task,
but methods based on learning are now becoming increasingly common.

1.2.1

Related fields

Computer vision, image processing, pattern recognition, photogrammetry, are
closely related fields [42]. Although the basic techniques that are used and developed in these fields are more or less identical, the following characterizations is
done [48]

1.2. WHAT IS COMPUTER VISION?
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Computer vision Computer vision tends to focus on the 3D scene projected
onto one or several images, e.g., how to reconstruct structure or other information
about the 3D scene from one or several images. Computer vision often relies on
more or less complex assumptions about the scene depicted in an image.
Image processing Image processing (and Image analysis) tends to focus on
2D images, how to transform one image to another, e.g., by pixel-wise operations
such as enhancement,1 local operation such as edge extraction or noise removal, or
geometrical transformations such as rotating the image. As most computer vision
algorithms require some preliminary image processing, the overlap between the
two disciplines is significant.
Pattern recognition Pattern Recognition. is a field which uses various methods to extract information from signals in general, mainly based on statical approaches. A significant part of this field is devoted to applying these methods to
image data.
Photogrammetry Photogrammetry is concerned with obtaining reliable and
accurate measurements from non-contact imaging. This discipline overlaps less
with computer vision than image processing and pattern recognition. The main
differences are that photogrammetry pursues higher levels of accuracies than computer vision, and not all computer vision is related to measuring [42]. Photogrammetry is used in different fields, such as topographic mapping, architecture, engineering, manufacturing, quality control, police investigation, and geology, as well
as by archaeologists to quickly produce plans of large or complex sites; besides,
it uses methods from many disciplines including optics and projective geometry.
The data model in Fig.1.2 shows what type of information can go into and come
out of photogrammetric methods.

1.2.2

Computer Vision Applications

One of the most prominent application fields is medical computer vision or medical image processing. This area is characterized by the extraction of information
from image data for the purpose of making a medical diagnosis of a patient. Generally, image data is in the form of microscopy images, X-ray images, angiography
images, ultrasonic images, and tomography images. An example of information
which can be extracted from such image data is detection of tumors, arteriosclerosis, or other malign changes. It can also be measurements of organ dimensions,
blood flow, etc. This application area also supports medical research by providing
new information, e.g., about the structure of the brain, or about the quality of
medical treatments.
1

Computing an image of better quality than the original one.

14

CHAPTER 1. INTRODUCTION
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additional
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from views

Methods
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Figure 1.2: Data model of photogrammetry given by Wiora [49]. The 3D coordinates define the locations of object points in the 3D space. The image coordinates define the locations of the object points’ images on the film or an
electronic imaging device. The exterior orientation of a camera defines its location in space and its view direction. The inner orientation defines the geometric
parameters of the imaging process. This is primarily the focal length of the lens,
but can also include the description of lens distortions. Further the additional observations play an important role: with scale bars, basically a known distance of
two points in space, or known fixed points, the connection to the basic measuring
units is created. Each of the four main variables can be an input or a result of a
photogrammetric method.
A second application area in computer vision is in industry. Here, information is extracted for the purpose of supporting a manufacturing process. One
example is quality control where details or final products are being automatically
inspected in order to find defects. Another example is measurement of position
and orientation of details to be picked up by a robot arm.

1.2.3

Typical Computer Vision Tasks

A process of computer vision can include one or more tasks from the following
classification
Recognition The classic problem in computer vision and image processing is to
determine whether or not the image data contains some specific objects, features,
or activities. Several specialized tasks based on recognition exist, such as:
- Content-based image retrieval : finding all images in a larger set of images
which have a specific content.
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- Pose estimation: estimating the position or orientation of a specific object
relative to the camera. An example application for this technique would be
the calibration of the camera.
Motion Several tasks relate to motion estimation, in which an image sequence
is processed to produce an estimate of the local image velocity at each point.
Examples of such tasks are:
- Ego-motion estimation: determining the 3D rigid motion of the camera.
- Tracking: following the movements of objects
Scene reconstruction Given two or more images of a scene, or a video, scene
reconstruction aims at computing a 3D model of the scene. In the simplest case
the model can be a set of 3D points. More sophisticated methods produce a
complete 3D surface model.
Image restoration The aim of image restoration is the removal of noise (sensor
noise, motion blur, etc.) from images.

1.3

Where to Collocate this Thesis

After an accurate analysis of 2D images (this part belongs to the medical imaging,
described in Chapter 2), we have to deal with the 3D reconstruction problem which
is one of the most basic and important topics in computer vision.
By referring to typical tasks described in the previous section, the procedure
we develop can be divided in three different steps:
1. Estimation of the geometric relationship that exists between a pair of images, a process involving feature matching in both images.
2. Camera calibration (placed into the pose estimation task) to estimate the
affine geometry and obtain needed values to construct the 3D model.
3. 3D shape reconstruction (belong to scene reconstruction task).
Because of the need of an high level of accuracy, our work could also be
placed in photogrammetry, by following the classification given in Section 1.2.1.
Furthermore, the 3D reconstruction problem requires to process 2D images before:
this overlaps with image processing discipline.

16
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Thesis Overview

This thesis can be divided in three parts. In the first one (Chapters 2 - 4) the
reader can find information to understand the importance, the worthiness, and
applications of this work; here it is also explain some basics of geometry that will
be used throughout the thesis. In the second part (Chapters 5-6) the analysis of
the elements that compose our systems is given in detail. The third part (Chapters 7-8) shows the calculations of the analysis of the second part and the 3D
reconstruction process, with results and comments.
Each chapter deals with a particular argument that can be skip by experts
of that field. Chapter 2 gives the medical motivation of this thesis, by describing
the three main eye diseases (glaucoma, diabetic retinopathy, and macular degeneration), whose progression over time can be assessed by a 3D imaging of the
eye fundus. Chapter 3 summaries aspects of projective geometry and also deals
with stratification of 3D vision. This chapter is important as it gives a theoretical
framework to the reconstruction problem. The camera model and epipolar geometry are introduced in Chapter 4. Epipolar geometry defines the relationship
between a stereo image pair.
In Chapter 5 is reported a detailed description of how retinal images are
formed. We also present models that will be compare successively in Chapter 7.
Chapter 6 deals with the problem of camera calibration, which is a necessary step
in 3D computer vision, in order to extract metric information from 2D images. It
gives an overview about different camera calibration methods with their advantages and disadvantages, and a novel calibration procedure is also described.
Finally, the complete 3D reconstruction problem is treated in Chapter 7. This
is the most important section of the thesis, because it reports the analysis of
fundus camera image formation models, and the experimental results of the eye
fundus 3D reconstruction (where this is possible). Conclusions and principal contributions of this work are stated in Chapter 8.
Experts in computer vision know already the basics of geometry used throughout this work and can thus skip the Chapter 3 and the Chapter 4. For the same
reason they can go quicker through the Chapter 6. Experts in retinal imaging,
instead, do not need to read Chapter 2 and the first part of Chapter 5.

Chapter 2
Retinal Imaging
2.1

Introduction

Ophthalmic photography is a highly specialized form of medical imaging dedicated to the study and treatment of disorders of the eye. Of particular interest
is the interior part of the eye called retina (see Fig.2.1), the neurosensory tissue
which translates the optical images we see into the electrical impulses that our
brain understands.
There are two common procedures to perform this type of photography: (a)
angiography and (b) fundus photography. Angiography is the imaging of vessels,
and the resulting pictures are called angiograms. Angiography of the retina requires the injection of a small amount of dye into a vein in the patients arm.
The dye travels through the blood stream and when it reaches the vessels of the
retina, the fundus is photographed using special cameras and colored light. Alternatively, ophthalmic fundus photography can be used: the retina is photographed
directly because the pupil is used both as an entrance and an exit of the fundus
camera illuminating and imaging light rays. The patient sits at a special camera
called fundus camera with his/her chin in a chin rest and his/her forehead against
the bar. An ophthalmic photographer focuses and aligns the fundus camera. A
flash fires as the photographer presses the shutter release, creating a fundus image (using a monocular fundus camera) or a pair of images (with a stereo fundus
camera), similar to those shown in Fig. 2.2 and in Fig. 2.3. Ophthalmologists use
these retinal photographs to follow, diagnose, and treat eye diseases.
In Section 2.2 we show the importance of the fundus photography in medicine,
by describing the main applications used to detect eye pathologies. The capture
of fundus images can be done with cameras based on different techniques; a
brief overview of such techniques is given in Section 2.3, where advantages and
disadvantages are pointed out.
17
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Figure 2.1: A normal retina with blood vessels that branch from the optic nerve,
cascading toward the macula.

2.2

Medical Motivation

In the time it takes to read this section 60 adults and five children worldwide
will have gone blind. Yet 80% of blindness is preventable. Glaucoma, cataracts,
and diabetes are among the leading causes of blindness in adults and can be
successfully treated if caught soon enough. Early diagnosis currently relies on
regular screening programmes - which can be expensive and labour intensive or on a well-timed visit to the optician. According to some estimates, over half
the adults who have glaucoma are unaware that they are suffering from that
condition.
Early detection of such eye diseases is particularly significant since it allows
timely treatment to prevent major visual field loss. Using serial photographs captured with a fundus camera, the physician studies eventual changes in a particular
region of the retina and then recommends the appropriate therapy. As well as for
glaucoma, fundus photography is widely used to document the characteristics of
diabetic retinopathy (damage to the retina from diabetes) such as macular edema
and microaneurysms, or to detect macular degeneration, a disease that affects the
most sensitive part of the retina. However, the diagnostic information from the
use of an ophthalmoscope and the interpretation of retinal images are dependent
on the expertise of the clinician. The major limitation to precise evaluation of
early retinopathy in the present clinical situations still remains the inability of
the human vision system to detect subtle changes and make precise estimates of
size, shape, and color of pathological features.
In this case, the 3D reconstruction of the fundus can (1) assist ophthalmol-
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Figure 2.2: A set of retinal images captured with a monocular fundus camera
ogists in diagnosing, analyzing, and assesing the disease; (2) facilitate clinical
studies; and (3) be used as a spatial map during laser surgical procedures [6]. In
particular, the analysis of the 3-D shape of retinal fundus is essential for identifying lesions and estimating their extent, and measuring eye pressure on the optic
disc. Moreover, recently abnormalities in the retinal circulation of patients with
Alzheimer’s disease have been demonstrated for the first time [7]. It is likely that
the mechanisms producing reduced blood flow in the retina are related to those
that produce cerebral blood flow abnormalities in Alzheimer’s disease.
Let see now more in detail the major diseases which can be prevented with
the help of retinal imaging. Most of the following explanations are treated from
[33].

2.2.1

Glaucoma

Glaucoma is the second most common cause of blindness in the Western countries
and the most common cause worldwide [40] and is caused by a build up of pressure
within the eye. Glaucoma affects 1 in 200 people aged 50 and younger and 1 in
10 over the age of 80 [23].
A recent research made in an Australian community (3,654 people) whose
residents were 49 years of age or older showed that glaucoma incidence was higher
in women (5.6%) than in men (3.0%) and that it increased markedly by age,
after adjusting for gender. The incidence levels were 2.0%, 3.7%, and 10.3%,
respectively, for persons aged less than 60 years, 60 to 69 years, and 70 or more
years [18].
At first, people affected by glaucoma have no symptoms. Vision stays normal,
and there is no pain. However, as the disease progresses, a person with glaucoma

20

CHAPTER 2. RETINAL IMAGING

Figure 2.3: Pair of retinal images captured with a stereo fundus camera.
may notice his or her side vision gradually failing. That is, objects in front may
still be seen clearly, but objects to the side may be missed (effects reproduced in
Fig. 2.4). As glaucoma remains untreated, people may miss objects to the side
and out of the corner of their eye. Without treatment, people with glaucoma
will slowly lose their peripheral (side) vision. They seem to be looking through a
tunnel. Over time, straight-ahead vision may decrease until no vision remains.
Glaucomas are a group of diseases sharing certain features, commonly including high intra ocular pressure (IOP), damaged optic nerves, and, as already seen,
loss of peripheral vision . Early detection can contain two glaucomas: chronic
(sometimes called common) and acute. Primary open-angle glaucoma (chronic
glaucoma) affects mostly adults over age 35. This most prevalent glaucoma is
called “the sneak-thief disease” and is without noticeable symptoms. By the time
it is detected, it has started doing damage. Giving some numbers, because of
this type of glaucoma, today 80,000 Americans get blind each year, and another 900,000 lose some vision [1]. The uncommon primary angle-closure glaucoma (acute glaucoma) may seem the opposite of common glaucoma, erupting
in a sudden, violent attack. It is also possible to get both common and acute
“combined-mechanism”) glaucoma together. The unusual low-pressure glaucoma
is another variant.
Elevated eye pressure and detectable damage to the optic nerves are significant risk indicators for glaucoma. To prevent needless blindness from undetected,
untreated glaucoma, several factors are studied in order to assess risk. Given that
the optic-nerve ending, known as the optic cup, becomes enlarged as the pressure in the eye increases, the most used parameter to obtain a physical gage of
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(a)
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(b)

Figure 2.4: An example of the effects of glaucoma: (a) Normal vision; (b) same
scene viewed by a person with diseases [33].
the likelihood of glaucoma is the comparison of the diameter of the eye’s cup
to that of its disc. Estimates are made vertically along an imaginary line drawn
through the center of the disc from the 12 o’clock to the 6 o’clock position (see
Fig. 2.5). The normal optic nerve illustrated with a small cup has a cup-to-disc

Disc

Cup

Figure 2.5: The pink rim of disc contains nerve fibers. The white cup is a pit with
no nerve fibers. As glaucoma advances, the cup enlarges until it occupies most of
the disc.
ratio(sometimes indicated as C/D) of less than 0.5, indicating a low probability
of glaucoma. Moderately advanced cupping, with a cup-to-disc ratio of 0.6 to 0.8
and a neural rim starting to thin, increases the suspicion of glaucoma. Almost
total cup-to-disc ratio of 0.9, exhibiting a very thin neural rim, creates a high
level of glaucoma suspicion [1].
Other ocular risk factors for open-angle glaucoma found in a recent research
include elevated IOP (five-fold risk), myopia (two-fold risk), asymmetry between
the two optic nerves, an appearance of atrophy around the nerve, fine splinter
hemorrhages at the edge of the optic nerve, or fine “dandruff” deposits on the
capsule of the lens [18]. Personal history factors also enter the assessment; these
are shown in Table 2.1.
The irreversible vision damage from glaucoma makes the early diagnosis sig-

22

CHAPTER 2. RETINAL IMAGING

Table 2.1: Personal history factors (source: [35])
Variable
Category
Age
younger than 50 years
50-64 years
65-74 years
older than 75 years
Race
Caucasian/other
African American
Family History Negative/positive in non-first degree relative
of Glaucoma
Positive for parents
Positive for siblings
Last Complete Within last two years
Eye Exam
2-5 years ago
more than 5 years ago
Level of Glaucoma Risk (Total Score)
High
Moderate
Low

Weight
0
1
2
3
0
2
0
1
2
0
1
2

4 or greater
3
2 or less

nificantly important for timely treatment. This diagnosis is usually based on
observations of a pair of stereoscopic fundus photographs by an ophthalmologist
and manual drawing of the contours of the optic nerve head. Thus, the procedure
required is tedious and time-consuming and, most of all, prone to variations in
their interpretation that may mask subtle changes due to the disease progression
[12].
The 3D imaging of the retina, in particular of the optic disc area, can convey
more information on its topology than conventional 2D retinal imaging. The
3D topology can be viewed from stereo retinal photographies. Most of the work
done so far regarding 3D visualization of the retina has targeted the optic disc
region in the context of glaucoma diagnosis. One that stands out on all others is
the GlauCAD (Glaucoma Prevention by Computer Aided Diagnostics) project,
which groups five European countries (Belgium, Germany, Italy, and Portugal)
and intends to find significant geometric characteristics to diagnose glaucoma
[46].

2.2.2

Diabetic Retinopathy

Diabetic retinopathy is retinopathy (damage to the retina) caused by complications of diabetes mellitus,1 which could eventually lead to blindness. It is an
1

A metabolic disorder characterized by hyperglycemia (high blood sugar) and other signs,
as distinct from a single disease or condition.
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(b)

Figure 2.6: An example of the effects of diabetic retinophaty: (a) Normal vision;
(b) same scene viewed by a person with diseases [33].
ocular manifestation of systemic disease which affects up to 80% of all diabetics
who have had diabetes for 15 years or more. Despite these intimidating statistics,
research indicates that at least 90% of these new cases could be reduced if there
was proper and vigilant treatment and monitoring of the eyes [48].
If one has diabetic retinopathy, at first he/she may notice no changes to his/her
vision. But over time, diabetic retinopathy can get worse and cause vision loss,
as shown in Fig.2.6. Diabetic retinopathy usually affects both eyes and often has
no early warning signs.
Diabetic retinopathy has four stages
1. Mild nonproliferative retinopathy: At this earliest stage, microaneurysms
occur. They are small areas of balloon-like swelling in the tiny blood vessels
of the retina.
2. Moderate nonproliferative retinopathy: As the disease progresses, some blood
vessels that nourish the retina are blocked.
3. Severe nonproliferative retinopathy: Many more blood vessels are blocked,
depriving several areas of the retina of their blood supply. These areas of the
retina send signals to the body to grow new blood vessels for nourishment.
4. Proliferative retinopathy: At this advanced stage, the signals sent by the
retina for nourishment trigger the growth of new blood vessels. This condition is called proliferative retinopathy. These new blood vessels are abnormal and fragile. They grow along the retina and along the surface of
the clear, vitreous gel that fills the inside of the eye. By themselves, these
blood vessels do not cause symptoms or vision loss. However, they have
thin, fragile walls. If they leak blood, severe vision loss and even blindness
can occur.
As well as already said in proliferative retinopathy, the blood vessels damaged
from diabetic retinopathy can cause vision loss in another way. Fluid can leak
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into the center of the macula (the part of the eye where sharp, straight-ahead
vision occurs) and make the macula swell, thus blurring vision. This condition is
called macular edema. It can occur at any stage of diabetic retinopathy, although
it is more likely to occur as the disease progresses. About half of the people with
proliferative retinopathy also have macular edema.
Diabetic eye disease has no warning signs. People with proliferative retinopathy can reduce their risk of blindness by 95 percent with timely treatment and
appropriate follow-up care [33]. Diabetic retinopathy and macular edema can be
detected during an eye-test, where the eye care professional examines your retina
and optic nerve from angiograms or fundus photography captured in order to find
eventual signs of damage and other eye problems.

2.2.3

Macular Degeneration

Macular degeneration is a medical condition in which the light sensing cells in the
macula (the part of the eye that allows one to see fine details) malfunction and,
over time, cease to work. According to the American Academy of Ophthalmology
[35], it is the leading cause of central vision loss (blindness) in the United States
today for those over the age of sixty years. Although some macular dystrophies
that affect younger individuals are sometimes referred to as macular degeneration, the term generally refers to Age-related Macular Degeneration (AMD). The
disease occurs when a pigment behind the retina breaks down to form tiny crystals and a fluid that builds up behind the most sensitive part of the eye. This
fluid kills the photoreceptors, thus causing loose of sight in the central field of
vision.
AMD occurs in two forms: wet and dry. Wet AMD occurs when abnormal
blood vessels behind the retina start to grow under the macula. These new blood
vessels tend to be very fragile and often leak blood and fluid. The blood and fluid
raise the macula from its normal place at the back of the eye. Damage to the
macula occurs rapidly. With wet AMD, loss of central vision can occur quickly.
Wet AMD is also known as advanced AMD and it does not have stages like dry
AMD.
Dry AMD occurs when the light-sensitive cells in the macula slowly break
down, gradually blurring central vision in the affected eye. As dry AMD gets
worse, you may see a blurred spot in the center of your vision. Over time, as less
of the macula functions, central vision is gradually lost in the affected eye. In Fig.
2.7 effects of the disease is reported. The most common symptom of dry AMD is
slightly blurred vision. You may have difficulty recognizing faces. You may need
more light for reading and other tasks. Dry AMD generally affects both eyes, but
vision can be lost in one eye while the other eye seems unaffected. One of the
most common early signs of dry AMD is drusen, yellow deposits under the retina,
which can be detected only with fundus photography.
In some cases, AMD advances so slowly that people notice little change in
their vision. In others, the disease progresses faster and may lead to a loss of
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(b)

Figure 2.7: An example of the effects of age-related macular degeneration: (a)
Normal vision; (b) same scene viewed by a person with diseases.[33]
vision in both eyes.

2.3

Sensing and Detecting Eye Diseases

As the eye diseases described in the previous sections are progressive optic neuropathy, it is of paramount importance to assess them over time. In fact, early
detection and treatment of glaucoma, before it causes major vision loss, is the
best way to control the disease [33].
This detection can be done during a comprehensive eye exam that allows the
eye care professional to check for signs of the diseases inside of the examined
eyes. This can be done with different cameras that use different techniques. The
more advanced alternatives are to use specialized medical instruments such as
scanning laser ophthalmoscopes (SLO) or Heidelberg retina tomograph (HRT),
which is based on scanning laser technique. However these instruments have their
own limitations. For instance, the use of SLO involves higher-level training and
expensive proprietary hardware and software; the image size and depth resolution
are fixed by HRT and the original colors of retina cannot be obtained by such
instruments because 3D images are visualized in pseudo-colors [52].
Scanning laser polarimetry of laser diagnostic technologies can measure the retardation of polarized light as it passes through the retinal nerve fiber layer, which
is birefringent and thus causes the retardation [8]. Retardation values are used to
construct a pseudo-color image and circumlinear plot of nerve fiber layer thickness
around the optic-nerve. The data can be analyzed for symmetry and compared
to a database; however, no longitudinal study data have been reported [56]. Another effective instrument is Optical Coherence Tomography (OCT), which is used
to obtain cross-sectional images of the retina. It provides clinicians the impression of a 3D retinal shape at a certain cross section. Nevertheless, the full 3D
visualization and true color information cannot be obtained from OCT [52].
Recently, high-performance and high-resolution digital CCD fundus cameras
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are becoming available. These cameras are easy-to-use and need a lower-level
training, which means that the problem of absence of medical specialist can be
solved. Furthermore, instead of using a time-consuming manual segmentation
of regions of interest, it is possible to obtain automatically measurement and
documentation of 3D retinal surface from common fundus images obtained with
fundus cameras. There are two types of fundus camera: monocular and stereo. In
the next chapters we are going to analyze accurately each of these systems.

Chapter 3
Projective, Affine, and Euclidean
Geometry
3.1

Introduction

In order to deal with 3D vision you need some background in mathematics. 3D
vision can be divided into three geometry groups: projective geometry, affine geometry, and euclidean geometry. While projective geometry is the simplest group,
euclidean geometry is the most complex one. Each of these geometries is associated with a group of transformations, which leaves certain properties unchanged.
Projective geometry forms the basis of most computer vision tasks, especially in
the fields of camera calibration (treated in Chapter 6) and 3D reconstruction from
images (treated in Chapter 7).
In the next few sections of this chapter we explain the three geometries in
terms of their transformations and their unchanged properties. Section 3.2 gives
an overview of projective geometry and introduces some of the notation used
throughout the thesis. Concepts such as points, lines, and planes are described in
two and three dimensions. The sections that follow describe the same structures,
but in terms of affine and Euclidean geometry.
A standard text covering all aspects of projective and algebraic geometry is
by Semple and Kneebone [24]. Faugeras applies principles of projective geometry
to 3D vision and reconstruction in his book [13]. Other good introductions to
projective geometry are by [16] and by Birchfield [2]. The following sections are
based quite entirely on the introductions to projective geometry and stratification
described in [13, 14, 22].
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3.2
3.2.1

Projective Geometry
Homogeneous Coordinates and other Definitions

A point in n-dimensional projective space, P n , is represented by a (n + 1)-vector
of coordinates x = [x1 , . . . , xn+1 ]T , where at least one of the xi coordinates is non
zero. Two points represented by (n + 1)-vectors x and y are considered equal if a
non zero scalar λ exists such that x = λy. Equality between points is indicated
by x ∼ y. Because scaling is not important in projective geometry, the vectors
described above are called homogeneous coordinates of a point.
Homogeneous points with xn+1 = 0 are called points at infinity and are related
to the affine geometry described in Section 3.3.
A collineation (or linear transformation) of P n is defined as a mapping between projective spaces which preserves collinearity1 of any set of points. This
mapping is represented by a (m + 1) × (n + 1) matrix H, for mapping from P n
7→ P m . Again for a nonzero scalar λ, H and λH represent the same collineation.
If H is a (n + 1) × (n + 1) matrix, then H defines a collineation from P n into
itself.
A projective basis for P n is defined as any set of (n+2) points of P n , such that
no (n + 1) of them are linearly dependent. The set ei = [0, . . . , 0, 1, 0, . . . , 0]T ,
for i = 1, . . . , n + 1 (where 1 is in the ith position) and en+2 = [1, 1, . . . , 1]T form
the standard projective basis. Any point x of P n can be described as a linear
combination of any n + 1 points of the standard basis. For example:
x=

n+1
X

xi ei .

(3.1)

i1

Any projective basis can be transformed by a collineation into a standard projective basis:
Proposition 3.1 ”Let x1 , . . . , xn+2 be n + 2 coordinate vectors of points in P n ,
no n+1 of which are linearly dependent, i.e., a projective basis. If e1 , . . . , en+1 , en+2
is the standard projective basis, then there exists a nonsingular matrix A such that
Aei = λi xi , i = 1, . . . , n + 2, where the λi are nonzero scalars; any two matrices
with this property differ at most by a scalar factor ” [13].
A collineation can also map a projective basis:
Proposition 3.2 ”if x1 , . . . , xn+2 and y 1 , . . . , y n+2 are two set of n + 2 coordinate vectors such that in either set no n + 1 vectors are linearly dependent, i.e.,
form two projective basis, then there exists a nonsingular (n + 1) × (n + 1) matrix
P such that P xi = ρi y i , i = 1, . . . , n+2, where the ρi are scalars, and the matrix
P is uniquely determined apart from a scalar factor ” [13].
The proof for both above statements can be found in [13].
1

Three or more points are called collinear when they lie on the same line.
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The Projective Plane

The projective space P 2 is known as the projective plane. A point in P 2 is defined
as a 3-vector x = [x1, x2, x3]T , with (u, v) = (x1 /x3 , x2 /x3 ) the Euclidean position
on the plane. A line is also defined as a 3-vector l = [l1 , l2 , l3 ]T and having the
equation of
3
X

(3.2)

li xi = 0.

i=1

Then a point x is located on the line if and only if
lT x = 0.

(3.3)

This equation can be called the line equation, which means that a point x is
represented by a set of lines through it; or this equation can also be called the
point equation, which means that a line l is represented by a set of points. These
two statements show that there is no difference between points and lines in P 2 .
This is called the principle of duality : any theorem or statement that is true
for the projective plane can be reworded by substituting points for lines and lines
for points, and the resulting statement will also be true [22].
The equation of the line through two points x and y is
l = x × y,

(3.4)

which is also sometimes calculated as follows:
(3.5)

l = [x]× y,
with





0
x3 −x2

x1 
[x]× =  −x3 0
(3.6)

x2 −x1 0
being the antisymmetric matrix of coordinate vector x associated with the cross
product. The intersection point of two lines is also defined by the cross product:
x = l1 × l2 .
All the lines passing through a specific point form the pencil of lines. If two
lines l1 and l2 are elements of this pencil, then all the other lines can be obtained
as follows:
(3.7)
l = λ 1 l 1 + λ2 l 2 ,
where λ1 and λ2 are scalars.

3.2.3

The Projective Space

The space P 3 is known as the projective space. A point of P 3 is defined by a
4-vector x = [x1 , x2 , x3 , x4 ]T . The dual entity of the point in P 3 is a plane π,
which is also represented by a 4-vector π = [π1 , π2 , π3 , π4 ]T with equation of
4
X
i=1

πi xi = 0.

(3.8)
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l1

l

l2

x1
x2

l3

x3

l4

x4

Figure 3.1: Cross-ratio of four lines: {l1 , l2 ; l3 , l4 }={x1 , x2 ; x3 , x4 } [13].
A point x is located on a plane if the following equation is true:
π T x = 0.

(3.9)

The structure which is analogous to the pencil of lines of P 2 is the pencil of
planes, the set of all planes that intersect in a certain line.

3.2.4

Cross-Ratio

If four points x1 , x2 , x3 , and x4 are collinear, then they can be expressed by
xi = y + λ i z
for two points y and z, and no point xi coincides with z. Thus the cross-ratio is
defined as follows:
λ 1 − λ3 λ2 − λ3
{x1 , x2 ; x3 , x4 } =
:
(3.10)
λ 1 − λ4 λ2 − λ4
Cross-ratios are invariants of projective geometry in the sense that they are preserved by projective transformations.
A similar cross-ratio can be derived for four lines: for “four lines l1 , l2 , l3 ,
and l4 of P 2 intersecting at a point, their cross-ratio {l1 , l2 ; l3 , l4 } is defined as
the cross-ratio {x1 , x2 ; x3 , x4 } of their four points of intersection with any line l
not going through their point of intersection” [13]. For graphical references, see
Fig.3.1.

3.2.5

Collineations

A collineation of P 2 is defined by 3×3 invertible matrices, defined up to a scale
factor. According with to Preposition 3.1 such a collineation is defined by four
pairs of corresponding points. Collineations transform points, lines and pencil
of lines2 to points, lines and pencil of lines, and preserve the cross-ratios. In P 2
2

The pencil of lines is the set of lines in P 2 passing through a fixed point.
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collineations are called homographies and are represented by a matrix H. A point
x is so transformed as follows:
(3.11)
x0 ∼ Hx.
The transformation of a line l is found by transforming the points x on the line
and then finding the line defined by these points:
lT x0 = lT H −1 Hx = lT x = 0.
The transformation of the line is then as follows, with H −T = (H −1 )T = (H T )−1 :
l0 ∼ H −T l.

(3.12)

In P 3 , collineations are defined in a similar way than the case in P 2 . The
matrix H is substituted by a 4×4 invertible matrix T , defined up to a scale
factor. The equations (3.11) and (3.12) become respectively:
x0 ∼ T x,
π 0 ∼ T −T π.

(3.13)
(3.14)

where it is possible to notify that lines l have been substituted by planes π in
P 3.

3.3

Affine Geometry

In geometry, affine geometry (from the Latin, affinis, “connected with”) is a
geometry which does not involve any notions of origin, length or angle, but with
the notion of subtraction of points giving a vector. It occupies a place intermediate
between Euclidean geometry and projective geometry.
In an affine space, it is possible to subtract points for getting vectors, or to
add a vector to a point for getting another point, but it is not possible to add
points, since there is no origin. One-dimensional affine space is the affine line.

3.3.1

Line at Infinity

The line in the projective plane with x3 = 0 is called the line at infinity or l∞ .
It is represented by the vector l∞ = [0, 0, 1]T . This element is added to the real
(affine) plane in order to give closure to, and remove the exceptional cases from,
the incidence properties of the resulting projective plane. The line at infinity is
also called the ideal line.
In projective geometry, any pair of lines always intersect at some point. But
parallel lines do not intersect in the real plane. Adding the line at infinity to the
real plane, parallel lines intersect at a point which lies on the line at infinity. The
point at which the parallel lines intersect depends only on the slope of the lines,
not at all on their y-intercept. Also, if any pair of lines intersect at a point on the
line at infinity, then the pair of lines is parallel.
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3.3.2

The Affine Plane

The affine plane can be considered to be embedded in the projective plane under
a correspondence of A2 → P 2 : X = [X1 , X2 ]T 7→ [X1 , X2 , 1]T . There “is a oneto-one correspondence between the affine plane and the projective plane minus the
line at infinity with equation x3 = 0” [13]. For a projective point x = [x1 , x2 , x3 ]T
that is not on the line at infinity, the affine parameters can be calculated as
X1 = xx31 and X2 = xx23 .
To calculate any line’s point at infinity, this line needs to be simply intersected
with l∞ . If such a line is defined as in equation (3.2), this intersection point is at
[−l2 , l1 , 0]T or l × l∞ . Using equation (3.2), the vector [−l2 , l1 ]T gives the direction
of the affine line l1 x1 + l2 x2 + l3 = 0.
The relationship of the line at infinity and the affine plane is then as follows: any
point x = [x1 , x2 , 0]T on l∞ gives the direction in the underlying affine plane,
with the direction being parallel to the vector [x1 , x2 ]T .
Faugeras [14] gives a simple example which shows how the affine plane is
embedded in the projective plane: considering two parallel (not identical) lines
in affine space, they must have the same direction parallel to the vector [−l2 , l1 ]T
. Then considering them as projective lines of the projective plane, they must
intersect at the point [−l2 , l1 , 0]T of l∞ . That shows that two distinct parallel
lines intersect at a point of l∞ .

3.3.3

The Affine Space

As in the previous section, the plane at infinity π ∞ has equation x4 = 0 and the
affine space can be considered to be embedded in the projective space under a
correspondence of A3 → P 3 : X = [X1 , X2 , X3 ]T 7→ [X1 , X2 , X3 , 1]T . “This is the
one-to-one correspondence between the affine space and the projective space minus
the plane at infinity with equation of x4 = 0” [13, 14]. Then for each projective
point x = [x1 , x2 , x3 , x4 ]T that is not in that plane, the affine parameters can be
calculated as X1 = xx41 , X2 = xx42 , and X3 = xx34 .
As in P 2 , the following expression gives rise to the line at infinity: if π ∞ is
the plane at infinity of P 3 and π is a plane of P 3 not equal to π ∞ , then π × π ∞
is the line at infinity on π. Therefore, each plane of equation (3.8) intersects the
plane at infinity along a line that is its line at infinity.
Another way to define the affine space, starting from a vector space, is given
in [48]. Observed that combinations of vectors v −w do not change by translation
(v moves as much in one direction as −w does in the other) Computationally
one must simply restrict discussion to linear combinations of vectors with sum
of coefficients equal to zero: these have the same property, and are exactly the
sums that can be expressed as combinations of simple differences v − w. This
tells us one way to explain the concept of affine space: it’s a vector space with
the subtraction and scalar multiplication operations. That is one precise way in
which to ’forget the origin’.
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Affine Transformations

In geometry, an affine transformation or affine map between two affine spaces
consists of a linear transformation followed by a translation:
X 7→ BX + b.

(3.15)

with B being a 2 × 2 matrix of rank 2, and b a 2-vector in A2 (or with B being
a 3 × 3 matrix of rank 3, and b a 3-vector in A3 ).
An affine transformation is invertible if and only if B is invertible. The invertible affine transformations form the affine group, which is a subgroup of the
projective group and which leaves the line at infinity invariant [13, 14].
In projective space P 2 it is then possible to define a collineation that keeps
l∞ invariant. This collineation is defined by a 3×3 matrix Hof rank 3:
"

H=

B b
0T2 1

#

.

In a similar way, it is possible to define in P 3 a collineation that keeps π ∞
invariant; the 4×4 matrix T of rank 4, used in (3.13) and (3.14), is given by:
"

T =

3.4

B b
0T3 1

#

.

(3.16)

Euclidean Geometry

Euclidean geometry is a special case of perspective geometry, and the use of
perspective geometry in computer vision makes for a simpler and more elegant
expression of the computational process that renders vision possible.

3.4.1

Euclidean Structure

Euclidean space is more than just real coordinate space. In order to treat Euclidean geometry, it needs to define the distances between points and the angles
between lines or vectors. The natural way in which to do this is to introduce the
standard inner product (also known as the dot product) on Rn , by
x·y =

n
X

xi yi = x1 y1 + x2 y2 + · · · + xn yn .

(3.17)

i=1

The inner product of any two vectors x and y gives a real number. Furthermore,
the inner product of x with itself is always nonnegative. This product allows us
to define the length of a vector x as
kxk =

√

v
u n
uX
x · x = t (xi )2 .
i=1

(3.18)
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This length function satisfies the required properties of a norm 3 and is called the
Euclidean norm on Rn . The (interior) angle θ between x and y is then given by
θ = cos

−1

x·y
kxkkyk

!

(3.19)

where cos−1 is the arccosine function.
Finally, one can use the norm to define a distance function (or metric) on Rn
by
v
u n
uX
d(x, y) = kx − yk = t (xi − yi )2 .

(3.20)

i=1

This distance function is called the Euclidean metric. It can be viewed as a form
of the Pythagorean theorem.
Real coordinate space together with this Euclidean structure is called Euclidean space and often denoted E n .

3.4.2

Absolute Points

Affine transformations can be adapted to not only preserve the line at infinity,
but to also preserve two points on that line called the absolute points or circular
points. The circular points are two complex conjugate points lying on the line
at infinity
[24]. They are represented by i = [1, i, 0]T and j = [1, −i, 0]T with
√
i = −1.
Absolute points have the special property to determine the angle between two
lines. “The angle α between two lines l1 and l2 can be defined by considering their
point of intersection m and the two lines im and jm joining m to the absolute
points i and j” [13]. This angle is given by the Laguerre formula:
α=

1
log({l1 , l2 ; im , jm })
2i

(3.21)

Because eiπ = cos π + i sin π = −1, if the cross-ratio {l1 , l2 ; im , jm } is equal to -1,
the two lines l1 and l2 are perpendicular.

3.4.3

Euclidean Transformations

Making use of equation (3.15) and imposing on matrix B the constraints that
the absolute points i and j remain invariant, we have:
1
b11 1 + b12 i + b1 0
=
i
b21 1 + b22 i + b2 0
3

Main properties of norm:

1. kxk = 0 if x = 0
2. kxk ≥ 0 ∀x
3. kx + yk ≤ kxk + kyk ∀x, y
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1
b11 1 − b12 i + b1 0
=
−i
b21 1 − b22 i + b2 0

which yields:
(b11 − b22 )i − (b12 + b21) = 0
−(b11 − b22 )i − (b12 + b21) = 0
Then (b11 − b22 ) = (b11 − b22 ) = 0, and we can write
"

X0 =

cos α sin α
− sin α cos α

#

X + b.

(3.22)

with 0 ≤ α < 2π. The affine point represented by X is first rotated by an angle
α around the origin and then translated by b.
These transformations are sometimes called similarity transformations. If and
only if the determinant of the matrix B is 1 or -1 then the transformation preserves area; combining this condition with the case in which B is a scalar times
an orthogonal matrix, we have the isometries, where B is an orthogonal matrix.
It exists a subgroup of these transformation which preserve orientation: those
where the determinant of B is positive. In the last case this is in 3D the group
of rigid body motions (proper rotations and pure translations).
For example, rotations of Euclidean space are then defined as orientationpreserving linear transformations T (related at the equation (3.16)) that preserve
angles and lengths:
T x · T y = x · y,
|T x| = |x|.

3.5

Summary

Now that a framework for projective geometry has been created, it is possible
to define 3D euclidean space as embedded in a projective space P 3 . In a similar
way, the image plane of the camera is embedded in a projective space P 2 . Then
a collineation exists which maps the 3D space to the image plane, P 3 7→ P 2 , via
a 3 × 4 matrix. This will be treated with in detail in the next chapter.
The invariants of the affine stratum are clearly the points, lines and planes
at infinity. These form an important aspect of camera calibration and 3D reconstruction, as we are going to see in Chapter 6 and Chapter 7.
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Chapter 4
Camera Model and Epipolar
Geometry
he pinhole perspective (also called central perspective) projection model, first proposed by Brunelleschi at the beginning of the 15th century, is mathematically
convenient. Despite its simplicity, it often provides an acceptable approximation
of the image process. Perspective projection creates inverted images, and it is
sometime convenient to consider instead a virtual image associated with a plane
lying in front of the pinhole at the same distance from it as the actual image
plane.
This chapter introduces a perspective camera model (4.1), called pinhole camera, and defines the epipolar or two view geometry that exists between two cameras (Section 4.2).

4.1

Camera Model

A camera is usually described using the pinhole model. As described in Section
3.2.5, there exists a collineation which maps the projective space to the camera
retinal plane: P 3 → P 2 .
Let M = [X, Y, Z]T be a 3D point in the world coordinate system, and let
m = [u, v]T be its 2D projection on the image plane. The respectively homogeneous coordinate vectors are M̃ = [X, Y, 1] and m̃ = [u, v, 1]. The relationship
between the world coordinate space and its image projection is given by
sm̃ = P M̃

(4.1)

where s is a scale factor and P is a 3 × 4 matrix representing the collineation
P 3 → P 2 . P is called the perspective projection matrix.
Fig.4.1 illustrates this process. The figure shows the case where the projection
centre is placed at the origin of the world coordinate frame and the retinal plane
is at Z = f = 1. Then u = fZX , v = fZY and
P = [ I 3×3 03 ].
37
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M (x, y, z)
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u
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Optical axis

m (u, v)
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Retinal plane
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Figure 4.1: Perspective projection.
The optical axis passes through the center of the projection (camera) C and is
orthogonal to the retinal plane. The point c is called the principal point, which
is the intersection of the optical axis with the retinal plane. The focal length f is
the distance between the center of projection and the retinal plane.
If only the perspective projection matrix is available, it is possible to recover
the coordinates of optical center or camera.
The world coordinate system is usually defined as follows
- the positive Y-direction is pointing upwards,
- the positive X-direction is pointing to the right,
- the positive Z-direction is pointing into the page.
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Camera Calibration Matrix

The camera calibration matrix, denoted by K, contains the intrinsic parameters
of the camera used in the imaging process. This matrix is used to convert between
the retinal plane and the actual image plane:


f
pu



K=
 0
0



(tan α) pfv u0

f
v0 

pv
0
1

(4.3)

It is possible that the focal length f changes during an entire imaging process,
so that for each image the camera calibration matrix needs to be reestablished.
The values pu and pv represent the width and height of the pixels in the image,
c = [u0 , v0 ]T is the principal point and α is the skew angle. This is illustrated in
Fig.4.2. It is possible to simplify the above matrix

Figure 4.2: Illustration of pixel skew.




fu s u0


K =  0 fv v0 
0 0 1

(4.4)

where fu and fv represent the focal length measured in width and height of the
pixels; they describes the total magnification of the imaging system resulting
from both optics and image sampling. Their ratio fu : fv , called aspect ratio, is
usually fixed, but is not always equal to 1 due to the digitalization phase. (u0 ,
v0 ) represents the coordinates of the principal point; the parameter s, called the
pixel skew, is zero except for some very particular imaging situation, such as
non-orthogonal pixels or images of images (situations reported by Harley [19]).
It is possible to use the camera calibration matrix to transform points from
the retinal plane to points on the image plane:
m̃ = K m̃R
The estimation of the camera calibration matrix is described in chapter 6.

(4.5)
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Camera Motion

Motion in a 3D scene is represented by a rotation matrix R and a translation
vector t, which describe the location and the orientation of the camera with
respect to the world coordinate system.
The motion of the camera from the coordinate C 1 to C 2 is then described as
follows:
#
"
R t
(4.6)
C̃ 2 =
C̃ 1
0T3 1
where R is the 3 × 3 rotation matrix and t is the translation in the X-, Y-,
Z-directions. They are usually called the extinsic parameters.
Equation (4.1) with equations (4.2), (4.5) and (4.6) then redefine the perspective
projection matrix:
h
i
(4.7)
sm̃ = K R t M̃ ,
h

i

where P = K R t .
This decomposition is unique because of the QR theorem, which states that a nonsingular matrix can be factored uniquely as the product of a triangular matrix Q
and an orthogonal matrix R [15].

4.2

Epipolar Geometry

The epipolar geometry exists between a two camera system. With reference to
Fig.4.3, the two cameras are represented by C 1 and C 2 .
Points m1 in the first image and m2 in the second image are the imaged
point of the 3D point M . Points e1 and e2 are the so-called epipoles, and they
are the intersections of the line joining the two cameras C 1 and C 2 with both
image planes or the projection of the cameras in the opposite image. The plane
formed with the three points < C 1 M C 2 > is called the epipolar plane. The
lines lm1 and lm2 are called epipolar lines and are formed when the epipoles and
image points are joined. The point m2 is constrained to lie on the epipolar line
lm1 of point m1 . This is called the epipolar constraint. To visualize it differently:
the epipolar line lm1 is the intersection of the epipolar plane mentioned above
with the second image plane I2 . This means that image point m1 can correspond
to any 3D point (even points at infinity) on the line < C 1 M > and that the
projection of < C 1 M > in the second image I2 is the line lm1 . All epipolar lines
of the points in the image pass through the epipole e2 and form thus a pencil of
planes containing the baseline < C 1 C 2 >.
The above definitions are symmetric, in a way such that the point m1 must
lie on the epipolar line lm2 of point m2 .
Expressing the epipolar constraint algebraically, the following equation needs
to be satisfied in order for m1 and m2 to be matched:
m̃T2 F m̃1 = 0,

(4.8)
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Figure 4.3: Epipolar geometry.
where F is a 3 × 3 matrix called the fundamental matrix. The following equation
also holds:
(4.9)
lm1 = F m̃1 ,
since the point m2 corresponding to point m1 belongs to the line lm1 [27]. The
role of the image can be reserved and then:
m̃T1 F T m̃1 = 0,
which shows that the fundamental matrix is changed to its transpose.
Making use of equation (4.7), if the first camera coincides with the world
coordinate system, then
s1 m̃1 = K 1

h

s2 m̃2 = K 2

I3×3 03
h

i

M̃

i

R t M̃

where K 1 and K 2 are the camera calibration matrices for each camera, and R
and t describe a transformation (rotation and translation) which brings points
expressed in the first coordinate system to the second one. The fundamental
matrix can then be written as follows:
−1
F = K −T
2 [t]x RK 1 ,

(4.10)

where [t]x is the antisymmetric matrix as described in equation 3.6.
Since det([t]x ) = 0, det(F ) = 0 and F is of rank 2 [54]. The fundamental
matrix is also only defined up to a scalar factor, and therefore it has seven degrees
of freedom (7 independent parameters among the 9 elements of F ).
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A note on the fundamental matrix: if the intrinsic parameters of the camera
are known, such as in equation (4.10), then the fundamental matrix is called
essential matrix [27].
Another property of the fundamental matrix is derived from equations (4.8)
and (4.9):
(4.11)
F ẽ1 = F T ẽ2 = 0.
Clearly, the epipolar line of epipole e1 is F ẽ1 .

Chapter 5
Fundus Camera Image Formation
Models
5.1

Introduction

The image of the retinal surface can be captured by using a specialized ophthalmic
instrument called fundus camera. A number of algorithms have been proposed to
process the 2D fundus images to identify the normal and abnormal structures in
human retina: some of them make use of photographies captured by a monocular
fundus camera and others make use of fundus images taken by a stereo fundus
camera.
Deguchi et al [9, 10] describe an algorithm to obtain the 3D shape reconstruction of the retina, by modeling both the fundus camera and the human cornea
with a virtual optical lens. They correct the distortion of the eye lens by assuming
that the retinal surface is spherical, and that a sphere viewed through the eye
lens results into a quadratic surface (model reported in Fig.5.1). However, the
restriction of the recovered shape of the fundus to be a sphere (also used in [6])
is not sufficiently useful for diagnosis because it cannot identify lesions or display
symptoms of an actual disease.
Xu et al [51, 53] base their method on Deguchi’s model, but they do not
constrain the fundus to be spherical. Besides, in their case retinal images are
captured by a stereo fundus camera, instead of a monocular fundus camera as in
[9, 10].
In this chapter we decompose the image formation model into several elements.
We start with the lenses by giving a notion of principles of optics in Section 5.2;
then we describe characteristics and properties of the human eye (Section 5.3),
with particular attention to the retina; finally in Section 5.4 we explain how the
fundus camera captures and stores images of the retina. In Section 5.5 we present
a simplified image formation model, that suffices to how fundus cameras operate.
Based on this model, we show that 3D reconstruction can not be obtained from
retinal images taken by a monocular fundus camera (see Section 7.2.1 ). Therefore,
stereo systems should be preferred.
43
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Figure 5.1: Deguchi’s Image Formation Model [9].
Results obtained by Corona et al [12], Laliberté et al [26], Kolář et al [25],
and the second set of results of Zhu [56] reveal the lack of depth info in pairs of
images taken from monocular fundus camera.

5.2

Principles of Optics

We first need to establish a few fundamental notion of optics. As for many natural
visual systems, the process of image formation in computer vision begins with the
light rays entering the camera through an angular aperture (or pupil ), and hitting
an image plane, the camera’s photosensitive device that records light intensities.

5.2.1

Defocus

Any single point of a scene reflects light coming from possibly many directions,
so that many rays reflected by the same point may enter the camera. In order to
obtain sharp images, all rays coming from a single scene point P must converge
onto a single point on the image plane p, the image of P. If this happens, we
say that the image of P is in focus; if not, the image is spread over a circle
(defocused ). Focusing all rays from a scene point onto a single image point can
be achieved in two ways:
1. By reducing the camera’s aperture to a point, called pinhole (see Section
4.1). This means that only one ray from any given point can enter the
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camera, and creates a one-to-one correspondence between visible points,
rays, and image points. This results in very sharp, undistorted images of
objects at different distances from the camera.
2. By introducing an optical system composed of lenses, apertures, and other
elements, explicitly designed to make all rays coming from the same 3D
point converge onto a single image point.
An obvious disadvantage of a pinhole aperture is its exposure time, that is, how
long the sensor accumulates incoming light. Any photosensitive device needs a
minimum amount of light to record a legible image. As a pinhole allows very
little light into the camera per time unit, the exposure time necessary to form
the image is too long (typically several seconds) to be of practical use.1 Optical
systems, instead, can be adjusted to work under a wide range of illumination
conditions and exposure times.
Intuitively, an optical system can be regarded as a device that aims at producing the same image obtained by a pinhole aperture, but by means of a much
larger aperture and a shorter exposure time [42]. This, however, is not true, as
optical systems introduce much more along the path of a light ray. We will see
this in detail in the next sections.

5.2.2

Thin Lenses

Real optical systems can be quite sophisticated; here, we treat only the basic
ideas from the simplest optical system, the thin lens [3]). The optical behavior of
a thin lens (Fig.5.2) is characterized by two elements
• an axis, called optical axis, that goes through the lens center O and is
perpendicular to the image plane;
• two points Fl and Fr , called left and right focus (or focal point), that are
placed on the optical axis, on opposite sides of the lens and at the same
distance from O. This distance, called focal length of the lens, is indicated
by f.
Basic Properties of Thin Lenses
1. Any ray entering the lens parallel to the axis on one side goes through the
focal point on the other side.
2. Any ray entering the lens from the focal point on one side emerges parallel
to the axis on the other side.
1

The exposure time is, roughly, inversely proportional to the square of the aperture diameter,
which in turn is proportional to the amount of light that enters the imaging system.
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Figure 5.2: Imaging by a thin lens.
The Fundamental Equation of Thin Lenses
From the Properties 1 and 2, it is possible to derive the fundamental equation
of thin lenses. Let P be a object’s point, not too far from the optical axis, and
let Z+f be the distance of P from the lens along the optical axis (figure 5.2). By
assumption, a thin lens focuses all rays from P onto the same point, the image
point p. Therefore, we can locate p by intersecting only two known rays.
By applying Property 1 to the ray PQ and Property 2 to the ray PR, they are
deflected to intersect at a certain point on the other side of the thin lens. Since
the lens focuses all rays coming from P onto the same point, PQ and PR must
intersect at p.
From Fig.5.2 and by using the two pairs of similar triangles < P Fl S > and
< ROFl >, < P sFl > and < QOFr >, we obtain immediately
Zz = f 2

(5.1)

Setting d1 = Z + f and d2 = z + f , (5.1) reduces to the the following formula
1
1
1
+
=
d1 d2
f

(5.2)

which represents the thin lens law [3].

5.3

The Eye

Similar to a camera, the eye is composed of two important elements: a lens and
a retina. The lens focuses light on the retina. The two graphics shown in Fig.5.3
list many of the essential components of the eye optical system.
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(a)

(b)
Figure 5.3: Eye schematic systems.

5.3.1

Eye Structure and Function

When one looks at an object, light rays are reflected from the object to the cornea;
they enter the eye (“light control ” function, explained below) through a small hole
called the pupil and are bent, refracted, and focused by the cornea, crystalline
lens, and vitreous. The lens job is to make sure that the rays come to a sharp
focus on the retina (“accommodation” function, explained below). The resulting
image on the retina is upside-down. On the retina, the light rays are converted to
electrical impulses which are then transmitted through the optic nerve,2 to the
brain, where the image is translated and perceived in an upright position.
The eye is filled with two liquids. These provide nourishment to the cells in
the eye, just as blood vessels provide nourishment to most cells in the body. The
difference between these liquids and blood is that they are nearly transparent, so
they can nourish the cells of the eye without interfering with incoming light. The
two liquids in the eye are called the vitreous humor and aqueous humor.
Light Control The colored ring of the eye, the iris, controls the amount of light
entering the eye, by changing in size. It closes when light is bright and opens when
light is dim, thus allowing more light to enter the eye to be processed.
Accommodation Light entering the eye is focused by two lenses: the cornea
and the eye lens. The lenses hold their shape due to pressure from the vitreous
humor and aqueous humor, as well as a muscle group called the ciliary muscles
(see Fig.5.3). As objects get further away from the eye, the ciliary muscles relax,
allowing the eye lens to become flatter and bend the light differently, so that light
is always focused on the same point on the back of the eye. This is schematically
represented in Fig.5.4. Due to age or genetics, the ciliary muscles may not bend
the eye lens correctly, causing a blurred image. This condition is called either
myopia (nearsightedness) or hyperopia (farsightedness).
2

The optical nerve is defined as “the collection of nerve fibers that carries impulses from the
retina to the brain”.
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Figure 5.4: Light from a single point of a distant object (left image) and light
from a single point of a near object (right image) being brought to a focus [48].

5.3.2

The Retina

The retina is a multi-layered sensory tissue that lines the back of the eye. It contains millions of photoreceptors 3 which capture light and convert it into electrical
impulses. An accurate description of the retina layers is given in [34].
Rods and Cones
Photoreceptors in the retina are functionally classified into rods and cones.
Rod cells are highly sensitive to light allowing them to respond in dim light
or in darkness. Cone cells, conversely, need high light intensities to respond and
have high visual acuity. Different cone cells respond to different wavelengths of
light, a feature that allows one to see colors [48].
This has several very interesting effects. Almost all cones are located in the
middle of the retina, so it is very difficult to distinguish color in our peripheral
vision. In addition, it is difficult to see colors in low levels of light, when the cones
are ”turned off.”
The retina contains approximately 120 million rods and 7 million cones. They
are not distributed evenly throughout the retina (see graph in Fig.5.5): the cones
are contained in the macula,4 the portion of the retina responsible for central
vision; they are most densely packed within the fovea, the very center portion of
the macula, whereas peripheral vision is dominated by rods.
The Optic Disk (Blind Spot)
The optic nerve receives all of the signals created in the eye and transfers them
to the brain to be processed. The nerve enters in the back of the eye, in a place
called optic disk, where there are neither rods nor cones (see Fig.5.5). This lack
of photoreceptors creates a hole in our vision, the so called blind spot: an area
where our eyes cannot see. Normally each eye covers for the blind spot of the
other, and the brain fills in missing information with whatever pattern surrounds
the hole. Therefore we are not conscious of the blind spot.
3

Photoreceptors are receptors sensitive to light.
The macula is the highly sensitive area of the retina; it is responsible for our critical focusing
vision. It is the part of the retina most used: we use our macula to read or to stare intently at
an object.
4
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Figure 5.5: Approximate Rods/Cones Distribution.

5.3.3

Optical Aberrations

Often called “the world’s worst camera”, the eye, shown in Fig.5.3, suffers from
several optical imperfections [11],e.g.,
• spherical aberrations: prismatic effect of peripheral part of the lens;
• chromatic aberrations: shorter wavelengths (blue) refracted more than longer
wavelengths (red);
• curvature of field : a planar object gives rise to a curved image.
However, the eye is also endowed with various mechanisms which reduce degradative effects, e.g.,
• to reduce spherical aberration, the iris acts as a stop, limiting peripheral
entry of light rays;
• to overcome chromatic aberration, the eye is typically focused to produce
sharp image of intermediate wavelengths;
• to match the effects of the curvature of the field, the retina is curved.

5.3.4

Properties and Typical Values

The image of the real pupil, as seen through the cornea, is called entrance pupil,
while the optical axis is an imaginary straight line passing through the midpoint
of the cornea and the midpoint of the retina. In the following, we report some
typical values of eye structure:
- In adult humans the entire retina is 72% of a sphere of about 22 mm in
diameter and in section is no more than 0.5 mm thick [48];

50

CHAPTER 5. FUNDUS CAMERA IMAGE FORMATION MODELS
- The optic disk appears as an oval white area of 3 mm2 ;
- The focal length fe of the crystalline lens, when it is looking at an object
at an infinite distance, is about 17 mm;
- The entrance pupil lies 3.2 mm behind the corneal apex.

5.4

The Fundus Camera

A fundus camera is a specialized low power microscope with an attached camera.
Its optical design is based on the indirect ophthalmoscope5 [36].
The fundus camera is a Maxwellian view system: the illumination source is
made optically conjugate to the pupil of the eye. As a result, the target which
forms the stimulus (the image plane, in the case of the fundus camera) is not
placed at the source, but rather at a separate plane optically conjugate to the
retina.
The optical system inside the fundus camera uses multiple lenses, and it can
be roughly represented with the scheme in Fig.5.6. The first lens collimates light
from the source and the second forms an image of the source at the pupil. This
places the retinal conjugate plane R1 at the focal plane of L1 . For a complete
explanation of Maxwellian view systems, refer to [5].

5.4.1

Monocular Fundus Camera

The optical system inside the monocular fundus camera, can be studied observing
only the first lens (the closest to the eye) of the camera. We have based our studies
on two patents [44, 45], from which we have taken the scheme in Fig.5.7
The camera lens has two main features: firstly, as a condensing lens converging
light from an ophthalmoscope light source to the entrance pupil of the eye and
thereby illuminating the fundus of the eye, and secondly and simultaneously,
utilizing the light emerging from the eye, as an image forming lens which forms
an aerial image of the fundus of the eye in the anterior focal plane of the lens.
The lens and the eye form a telecentric system as shown in Fig. 5.7, wherein
the secondary focus of the lens is at the center of the entrance pupil of the eye.
Thus a homocentric bundle6 of coaxial and parallel light rays incident upon the
front surface of the lens will be converged or condensed to a single point at the
secondary focus of the lens, which falls at the center of the entrance pupil of the
eye, with the light rays proceeding beyond the pupil to illuminate the fundus of
the eye.
5

The ophthalmoscope is an instrument containing a perforated mirror and lenses used to
examine the interior of the eye. The indirect ophthalmoscope is the one that produces an
inverted, or reversed, direct image of 2 to 5 times magnification, depending on the dioptic
power of the examining lens.
6
A homocentric bundle is a bundle whose rays have a common center.
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Figure 5.6: A Maxwellian view optical system with an accessible retinal conjugate
plane (R1 ). Lens L2 collects light from the source and collimates it. Lens L1 images
the source in the plane of the eyes pupil (P0 ). Pupil conjugate planes (Pi ) and
retinal conjugate planes (Ri ) are labeled starting at the eye. For an emmetrope
lens L1 images the retina (R0 ) at R1 . This is the plane where a visual target
will appear in best focus for an emmetropic observer. The maximum size of the
retinal image (SR ) is limited for this system to the aperture of lens L2 (S2 ). The
pupil is imaged at position P1 , where the light source is placed [5].

5.4.2

Stereo Fundus Camera

A stereoscopic retinal camera (commonly called stereo fundus camera) is capable
of photographing a stereoscopic picture of a fundus by separating the luminous
flux reflected by the fundus into two light beams. As described more accurately
in [32], the camera system comprises:
- a photographing diaphragm 7 , disposed in a position substantially conjugated
with the pupil of the examined eye, so that a photographing image of the
fundus of the eye may appear stereoscopic properly based on a stereo baseline determined on the pupil.8 This diaphragm includes two apertures for
dividing the light beam reflected by the fundus into the two luminous fluxes
that are respectively transmitted along the light paths of the right and left
image forming optical systems; each one of these apertures has a longer
vertical length than width, and is substantially symmetrical in shape about
a vertical central axis.
- an image forming optical system disposed on each optical path of the two
7

The conventional photographing diaphragms are small circles or round in shape.
A stereo baseline of at least 3mm gives a satisfactory stereoscopic vision in the observation
of retinal images.
8

52

CHAPTER 5. FUNDUS CAMERA IMAGE FORMATION MODELS

Figure 5.7: Schematic illustration of the fundus camera illuminating system [45].

Figure 5.8: Stero fundus camera optic system [32].
luminous flux to photograph an image of the fundus focused on a photographing film through the image forming optical system by a flashlight.
A schematic representation of a stereo fundus camera optic system is shown
in Fig.5.8.

5.5

Fundus Camera Image Formation Model

Monocular fundus camera
As explained in the previous section, the fundus camera lenses can be thought of
as a single lens that brings into focus a parallel beam of light rays at a point on
the focal plane.
The main properties of the image formation model of a monocular fundus
camera (model shown in Fig.5.9) can be summarize as follows:
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Figure 5.9: Image formation model of a monocular fundus camera.
1. the eye lens and the camera lenses can be treated as thin lenses, so we can
use properties described in Section 5.2.2;
2. the distance between the crystalline lens and the retina corresponds to the
focal point of the eye lens, fe ;
3. the focal point of the camera lens, fc , has to be placed at the center of the
entrance pupil;
4. if there is defocus (Section 5.2.1), the chief ray 9 intercepts the retina in the
center of the blur patch.10
With reference to Fig.5.9, each illuminated point at the back of the interior
of the eye sends out light in all directions, with homocentric bundles of light rays
passing through the pupil of the eye. By assuming points of the retina are in
focus, each bundle of light rays passing through the crystalline lens turns into
a parallel beam (Properties 1 and 2 above), and its chief ray goes through the
center of the entrance pupil of the eye to be incident upon the camera lens. Then
every ray is refracted by the camera lens: because of Property 3, the chief ray
proceeds parallel to the axis of the lens, while the other light rays of the bundle
are converging to the point where their chief ray intersects the focal plane of the
fundus camera. By considering Property 4, we conclude that one can find where
a point of the retina is projected on the image by considering its lone chief ray.
In Chapter 7, Section 7.2.1, we show images obtained by a monocular fundus
camera do not carry depth information.
Stereo fundus camera
There are several designs of stereo fundus camera; for our analysis we consider
the prototype shown in Fig.5.10.
Properties 1-3 of the monocular system hold true also in the stereo case.
Property 4 holds if one modifies the definition of chief ray; in fact, the main
9

The chief ray is the ray from a point object to the center of the entrance pupil.
The blur patch is the area of light obtained as image of an object point through the lens,
usually a disc shape.
10
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Figure 5.10: Image formation model of a stereo fundus camera.
difference with the model studied for the monocular fundus camera, is that the
chief ray does not go through the entrance pupil E (that means that the bundle
of light after the crystalline lens is not parallel), but through other two different
points, respectively above and under E of dy. This permits to have 2 separated
chief rays which go through the image formation system in a symmetric way and
end at two different points on the image plane.
Calculations and a more precise explanation of the model are given in Section
7.2.2.

Chapter 6
Camera Calibration
6.1

Introduction

The key idea behind calibration is to write the projection equations linking the
known coordinates of a set of 3-D points and their projection, and solve for the
camera parameters [42].
The most used calibration methods are roughly divided in Self-Calibration
and Photogrammetric Calibration methods; these last ones can be also divided
by the calibration target they use: planar or 3D pattern. The first sections of this
chapter cover various camera calibration techniques. All the methods described
here follow the pin-hole camera model, explained in Chapter 4. The parameters
obtained from the calibration process can be classified as two types: intrinsics,
those that define the camera configuration (internal geometry and optic features);
and extrinsics, the rotation and the translation that would map the world coordinate system to the camera coordinate system. In this chapter we often mention
lens distortion, especially as radial or tangential component. For a clear and
exhaustive explanation about it, refer to [39, 41].
The description of the algorithms is only a very short outline, without any
details about further concepts in projective geometry, parameter optimization
or image processing. These sections will only point out fundamental algorithm
differences. In the last section, finally, we introduce a novel calibration method
that will be used in the experiments.

6.2

Self-Calibration

These techniques do not use any calibration object. To obtain the needed constraints on the camera internal parameters, it is enough to move the camera in a
static scene: the rigidity of the scene provides them from one camera displacement
using image information alone [31]. If images are taken by the same camera with
fixed internal parameters, information from at least three images is sufficient to
recover both the internal and external parameters [20, 28].
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While this approach is very flexible, since lens distortion cannot be measured
in self-calibration, the result obtained is not sufficiently accurate for the fundus
image 3D reconstruction.

6.3

Photogrammetric Calibration

Methods belonging to this category work by observing a calibration object whose
geometry in 3D space is known with very good precision. Depending on the
calibration pattern in use, we divide the methods in two groups as follows.

6.3.1

Using a 3D Pattern

The calibration object usually consists of two or three planes orthogonal to each
other, but it is also possible to use planes with a precise known translation [43].
Calibration is efficiently performed with these approaches and usually lens distortion can be measured, but they require an elaborate setup.
In the following, we list several methods based on a 3D calibration pattern.
Direct Linear Transform (DLT)
It is a well-known classic method aimed at minimizing image disparity error. This
is obtained minimizing kL · pi k, where:
L · pi = 0,
with L being the matrix constituted by corresponding world (spatial) and image coordinates, and the vector pi being the rows of a projection matrix [17].
Once the projection matrix has been found, each parameter can be obtained by
decomposing the projection matrix. A basic DLT algorithm (with and without
normalization of the results) can be found in [19].
Since no iterations are required, direct methods (such as DLT) are computationally fast. However, they have at least the following two disadvantages, cited
in [21, 47]. First, lens distortion cannot be incorporated, and therefore, distortion
effects are not generally corrected. The second disadvantage of linear methods is
more difficult to be fixed. Since, due to the non-iterative nature of the algorithm,
the constraints in the intermediate parameters are not considered. Consequently,
in the presence of noise, the intermediate solution does not satisfy the constraints,
and the accuracy of the final solution is relatively poor.
Tsai’s method [43]
This approach allows the use of both planar and non-planar patterns; it also
assumes that the optical center is located at the image center and that skew
(defined in Section 4.1) is null. Tsai divides the calibration problem into two
steps. First, the distortion is assumed null and a linear approach can be used to
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solve some parameters (orientation, translation and aspect ratio). Second, using
again a linear technique, an initial guess of focal length and pattern distance can
be estimated; they can also be refined (with the distortion coefficient) by means
of an nonlinear optimization technique [17].
Tsai’s two-stage calibration technique (generally designed for mono-view case)
is fast and no initial guess of the calibration parameters is needed, but the model
does not recognize skewness or lack of orthogonality of the projection, and only
radial distortion is considered [57].
A variant has been proposed in [37] that includes the optic center and adds
the use of an iterative technique to refine the parameters returned by the original
algorithm. Optimized code of Tsai’s method can be found online [38].
Faugeras’ method [13]
This method uses a non-planar pattern and obtains a projection matrix using optimization procedure where orthogonality of rotation matrix is enforced. Successively, the calibration parameters can be recovered by decomposing the projection
matrix (as in the DLT-method).
Although the calibration is done very efficiently, an initial estimate is necessary
for the convergence of the method; moreover lens distortion is not modelled.
Heikkila’s method [21]
The four-step calibration procedure consists mainly in a closed-form solution to
the problem using a direct linear transformation (DLT), and a nonlinear estimation of parameters: the Levenberg-Marquardt method is used to minimize the
image disparity. The other two steps have been added later: one is to compensate
for distortion caused by circular features (only circular features shapes are considered); and the forth one for correcting (by interpolation) the distorted image
coordinates.
The image correction is performed with an empirical model which compensates
for both radial and tangential lens distortions. A complete MatLab toolbox for
performing this calibration procedure is available on internet from the author’s
website [21].

6.3.2

Using a Planar Pattern

Zhang’s method [55]
The majority of the calibration methods are based on a dihedral pattern. However,
there are some methods that do not need such restriction. Zhang’s approach,
for instance, employs three or more different projections of a planar pattern as
calibration target.
Only the first two terms of the radial distortion of the lens are modeled [55].
The proposed procedure consist of a closed-form solution, followed by a nonlinear
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refinement based on the maximum likelihood criterion.

6.4

Calibration Procedure Employed in this Thesis

We sample the 3D space by placing a checkerboard (of know physical dimensions)
at various depths on a plane parallel to the image plane. From each position of
the target, we capture two images.

6.4.1

System Description

The stereo system we use for the experiments is the one in Fig.6.1. The main
differences with the other stereo fundus cameras are two. First, there is only one
lens at the end of the imaging formation path, instead of two as usual. Second,
the two holes are usually placed horizontally, in order to create an image left and
an image right; in our system the baseline is vertical, and thus the images we
obtain are indicated with I u pn and I d ownn .
The illumination of the system is given by a light bulb of 25 W, which is
connected to a generator that gives in input about 8.50 V. Moreover, we consider
the effect of the eye lens, by placing a lens between the pattern and the camera
lens; the focal lenght of this lens is 20 mm.

6.4.2

Calibration Pattern

The calibration pattern consists of a 1 × 1
squares, each one with sides of 0.5 mm. In
is shown in real physical dimensions.
21 pairs of images (whose resolution is
pattern have been captured at a different
Fig.6.4.

6.4.3

cm chessboard composed of 20 × 20
Fig.6.2 is reported the checkerboard
1400x1300 pixels) of the calibration
depth. Some of them are shown in

Affine Transformation Estimation

In order to initialize the algorithm, four corners on the checkerboard pattern have
to be selected by the user.
Ordering rule for clicking The first clicked point can be anyone of four ones
(we consider for simplicity the one at top on the left side), because the origin
of the coordinates is the center of the grid. The other three points have to be
clicked in clockwise or anti-clockwise order. The most important rule is that the
first-click point and the order have to be the same for the different camera images:
in fact, dealing with multiple cameras (or a stereo camera in our case) the same
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Figure 6.1: Top-view (left) and perspective-view (right) of the whole system.

Figure 6.2: Calibration pattern shown in real physical dimensions.
grid pattern reference frame needs to be consistently selected (i.e., grid points
need to correspond across the different camera views).
After having chosen the four corners, the program shows in the image the
predicted grid corners in the absence of distortion, and it starts from them to
extract automatically all the other corners of the grid. In order to avoid to consider
corners which have not been well-extracted, we use the RANSAC method [29]:
- for each image, we take a group of points to calculate values of matrices A
and B (there are 6 unknowns, but we use 9 points -18 equations- in order
to have a more robust method);
Qup = AX + B up ,

Qdown = AX + B down

(6.1)

- once we have A and B we re-project grid points on the image and calculate
the distance between each of them and the corresponding extracted corner;
- corners with a distance over a chosen error (we choose a value of 1.6 of the
quadratic norm), are eliminated.;
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Camera

Eye

Eye lens

Figure 6.3: 3D pose estimation. Representation of the 21 poses of the pattern
with camera reference (above) and without (bottom). The space covered by the
3D grid is the place of the fundus where we can estimate the depth. The origin
of the coordinate system is placed at the center of the eye lens.
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up

down

up

down

Figure 6.4: Different images of the checkerboard used as calibration target.
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- we re-calculate values of matrices A and B, using all the remaining points
(each pair of stereo images is treated at the same time).

6.4.4

Lens Distortion Estimation

Camera lenses introduce distortion in images. Because in the fundus images
small variations in measurement matter, the lens distortion has to be accurately modeled. As discussed in previous sections, several calibration methods
[4, 41, 43, 50, 55] consider lens distortion as sum of two components: radial and
tangential distortion. In our calibration procedure we consider, in addition to the
lenses of the camera, the crystalline lens of the eye; therefore, we keep all coefficients of a polynomial of degree 4 (the choice of the degree is explained later on)
in order to have a better precision.
All images Inup are affected by the same lens distortion as they receive light
deflected by the same region of the lens; similarly, all image Indown . Therefore, we
use Inup simultaneously and find a unique and robust solution (see Fig. 6.5). The
same method is successively applied to the images Indown .
To decide the degree of the polynomial of the distortion, we refer to the error
given by the difference between the distorted point and the real point in the image.
Table 6.4.4 reports how this error varies with the degree of the polynomial.
Table 6.1: Mean error and Median error of the points
Degree
Mean
Median
#
Down Up Down Up
2
3
4
5

2.63
1.36
0.98
0.95

1.73
1.10
0.94
0.86

2.28
1.10
0.91
0.86

1.51
0.96
0.88
0.79

Because the camera has a fixed error of 1 pixel, it is enough to have the mean
error under 1 pixel. Hence, we choose to model lens distortion with a polynomial
of degree 4.

6.4.5

Computation of the Baseline

As described in Section 6.4.1 and before in Section 5.5, in the stereo system we
are using for these experiments there is only one lens at the end of the “image
forming optical system”, instead of two (one for each of the two light paths). This
permits to have the two images with the same coordinate system.
Let P be a point of the grid in the 3D space, its coordinates in I up are (px , py ),
while in the I down they are (px + ∆x, py + ∆y). Then the distance d between the
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Figure 6.5: Lens distortion for all Inup images (above) and all Indown images
(bottom). Green points are the undistorted point extracted from the RANSAC
method; red lines show the error given by lens distortion, and the blue points are
the distorted points, whose lens distortion has been calculated with a polynomial
of degree 4.
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two relative points P up and P down is given by:
d=

q

∆x2 + ∆y 2 .

(6.2)

The axis that goes through the center of the two holes, called baseline or
stereobase, should be parallel at the y-axis of the coordinate system. In this way,
the distance d corresponds only to a shift in the y-coordinate:
d = ∆y.

(6.3)

If the baseline is at an angle θ with respect to the y-axis, as in our system, we
need to consider both shifts ∆x and ∆y in order to find the value of α1 = cos θ
and α2 = sin θ:
∆x
∆y
,
α2 =
,
(6.4)
α1 =
d
d
where the two values have also to satisfy the equation
α12 + α22 = 1.
These values will be used for image rectification.

6.4.6

Image Rectification

Given a pair of stereo images, rectification determines a transformation of each
image plane such that pairs of conjugate epipolar lines become collinear and
parallel to one of the image axes. The rectified images can be thought of as
acquired by a new stereo rig, obtained by rotating the original cameras. The
important advantage of rectification is that computing stereo correspondences is
reduced to a 1-D search problem along the horizontal raster lines of the rectified
images.
In our case, corresponding points are rectified by undoing the distortion estimated in Section 6.4.4 and by rotating one image of θ, the angle estimated in
Section 6.4.5.

Chapter 7
3-D Shape Reconstruction from
Retinal Images
7.1

Introduction

One central objective of image interpretation is to infer the three-dimensional
(3D) structure of the scene from images that are only two-dimensional (2D).
The missing third dimension necessitates that assumptions be made about the
scene so that the image information can be extrapolated into a three-dimensional
description.
Common points are identified on each image. A line of sight (or ray) can be
constructed from the camera location to a point on the object. It is the intersection
of these rays (triangulation) that determines the three-dimensional location of
the point. More sophisticated algorithms can exploit other information about the
scene that is known a priori, for example symmetries, in some cases allowing
reconstructions of 3D coordinates from only one camera position.
Several algorithms were published to compute the disparity between images
like the correlation method, the correspondence method, or the phase difference
method. If a single point can be located in both stereo images then, given that the
relative orientation between the cameras is known, the three dimensional world
coordinates may be computed. For a given pair of stereo images and the known
orientation parameters of the cameras, the corresponding points are supposed to
be on the epipolar lines1 . Since a parallel camera alignment is used in this project
the epipolar lines are the scanlines in both images.
Before to start with the 3D reconstruction, we need to analyze the image
formation model of the cameras we use, in order to see if the extraction of the third
dimension from the 2D images is possible. This analysis is reported in Section 7.2,
where the proof of the impossibility of 3D reconstruction from images captured
with a monocular fundus camera is shown.
With data obtained from the calibration (Chapter 6), we can estimate co1

For a definition of epipolar lines, see Chapter 4
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Figure 7.1: Image formation model in the monocular fundus camera.
efficients we need for obtain a function that links the depth with the disparity
(Section 7.3). Finally, in Section 7.7 experimental results are shown for both
monocular and stereo fundus camera.

7.2

Analysis of the Image Formation Model

The analysis we are going to describe has been motivated by several methods for
3D reconstruction from monocular fundus camera, already discussed in Section
5.1. This work shows that images obtained from a monocular fundus camera do
not carry depth information and, therefore, stereo-based method should be used
instead.

7.2.1

Monocular fundus camera

As described in Section 5.5, the lens focuses a parallel beam of light on the focal
plane at the point where the chief ray crosses the focal plane. Thus, to see where
a point of the retina has its corresponding point in the image taken with the
fundus camera, we can consider only its chief ray.
Let the origin of the whole system be at the center of the camera lens, i.e.,
where the lens intersects the optical axis; we consider a point of the fundus and
project it on the image plane. In order to simplify calculations, we consider the
image point coordinates at the symmetric axis of the camera lens: there is only
a constant z-translation of difference.
Let P be a point of the fundus and E be the center of the entrance pupil, the
projection of P on the camera image plane is given by:
Q = P + α(E − P )

(7.1)

By considering only the z-components and that Qz = 0, Ez = f , we obtain that
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Pz
;
Pz −f
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this can be substituted in eq. (7.1) to yield:
Pz
Q = P + (E − P )
Pz − f

!

(7.2)

Suppose to observe the eye from a different vantage point, i.e., the eye undergoes a rigid transformation, with 3-D rotation R ∈ SO(3) and 3-D translation
t ∈ R3 , then the point P of the retina and the center of the entrance pupil E
become respectively
P 0 = RP + t,

E 0 = RE + t.

(7.3)

By substituting these points in the eq. (7.2), the image point Q is now given by
f
Q = R P + (E − P ) 1 +
R3 (P − E)

!!

+ t.

(7.4)

Since the image recorded in the camera is a 2D-image, we consider only the xand y-coordinates of Q
!

q = R12

f
ER3
− Id (P − E)
+ t12 .
f
R3 (P − E)

(7.5)

Now if we vary the depth by moving the point P along the line that goes
through the point itself and the entrance pupil E, we have
P̂ = P + δ(E − P ), δ 6= 0,

(7.6)

which can be substituted into P in eq. (7.5), to yield
!

q̂ = R12

ER3
f
− Id ((P + δ(E − P )) − E)
+ t12
f
R3 ((P + δ(E − P )) − E)
!
ER3
f
q̂ = R12
− Id (1 − δ)(P − E)
+ t12(7.7)
f
R3 ((1 − δ)(P − E))

where (1 − δ) is a scalar number. We can take it out from the projection R3 at
the denominator and simplify it with the one at the numerator
!

q̂ = R12

ER3
f
− Id (1 − δ)(P − E)
+ t12
f
(1 − δ)R3 (P − E))
!
ER3
f
q̂ = R12
− Id (P − E)
+ t12
f
R3 (P − E))

(7.8)

Finally, by comparing eq. (7.5) with eq. (7.8) we can notify that the point
q̂ has the same position of the point q on the image plane; in other words, the
retinal points P̂ and P correspond to the same image point q for any rotation R
and translation t. As shown, P cannot be estimated.
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Figure 7.2: Image formation model in the stereo fundus camera. The continuous
line represents the projecting path of the fundus point P; the dotted line is the
corresponding path with a monocular fundus camera.

7.2.2

Stereo Fundus Camera

Referred to Fig.7.2, now we show with simply geometric optics formulas how a
stereo fundus camera captures and records an image.
The main difference with the model studied for the monocular fundus camera,
is that the chief ray does not go through the entrance pupil E, but through two
points, respectively above and under E of dy.
As in the analysis of the monocular model (previous Section), we start by
considering a point P of the fundus, and we look for the coordinates of the
relative point p in the image plane. Since the two apertures [Ex Ey ± dy Ez]T
are at a symmetric distance from the entrance pupil E, we peruse only one: the
other can be given by placing −dy instead of dy into the following equations.
The origin of the coordinate system is placed at the center of the eye lens E.
The point P is simply projected on Q by
Qy = −

Py f1
,
Pz

(7.9)

To find the the position of D first we need to work out where the eye lens refracts
P (this new point is indicated by K). To do this we use eq. (5.2) and then we
extend the line P-Q:
Kz = −

fe Pz
,
Pz − fe

Ky = −

fe Py
.
Pz − fe

(7.10)

Therefore, we can calculate the position of D given by
Dy = −

f1
(Ky − dy) + dy;
Kz

by substitution of (7.10), it yields
Pz + f 1 f1
Dy = dy
−
Pz
fe

!

+ Qy .

(7.11)
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The next step is to find how the chief ray goes on after the first camera lens.
For doing it, we consider the beam of parallel light rays which contains the part
of the chief ray E-D: from properties described in Section 5.2.2, all these parallel
rays have to converge in one point at the focal plane of the lens (that in our case
corresponds to the aerial image plane, placed at the distance f2 from the lens);
to find this point we consider the ray that goes through the center of the camera
lens (the point (−f1 , 0)): this intersects the aerial image plane at
λy = f2

dy − Dy
.
f1

(7.12)

Now we have the direction of the chief ray between the two camera lenses; with
this we are able to get the position of R (where the chief ray intersects the second
camera lens)
s
Ry =
(−λy − Dy ) + Dy ,
(7.13)
f2
and the value of z:
z = f2

Dy − Qy
,
Dy + λy

(7.14)

that is the location where P is brought in focus by the crystalline and the first
camera lens. This point (of coordinates (−(f1 + z), Qy )) is successively refracted
by the second camera lens to T , whose position is calculated once again with eq.
(5.2):
fc (s − z)
,
s − z − fc
fc
Ty = −Qy
.
(s − z − fc )

(7.15)

Tx = v0 =

(7.16)

Finally, the extension of the line R-T up to the image plane, placed at a distance
vc from the second camera lens, yields:
p̂y =

vc
(Ty − Ry ) + Ry .
v0

(7.17)

By substitution we obtain a polynomial of degree 3 at the numerator and
degree 3 at the denominator:
p̂y =

P OLY (Py , Pz , 3)
P OLY (Py , Pz , 3)

(7.18)

If in eq. (7.18) we plug in common values of the parameters, such as those ones
of our stereo system described in Section 6.4.1 and here reported:
fe = 20mm;
s=250mm;

f1 = 90mm;
fc =35mm;

f2 = 90mm;
vc =40mm;

dy= 2.15mm;
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we can use the following approximation:
p̂y =

α1 Py + α2 Pz + α3
,
βPz

(7.19)

where α2 and α3 are the only coefficients that change the sign according to dy.
By comparing a pair of stereo images (I up and I down ), we calculate the difference of projections along the y-axis of the same point P :
down
d = p̂up
=2
y − p̂y

(α2 Pz + α3 )
.
βPz

(7.20)

Notice that, once the formula has been inverted, it is possible to obtain the depth
z from the value of d (disparity map). Accurate mapping of disparity to depth
requires then a careful calibration, which is explained in Chapter 6, in order to
estimate coefficients of eq. (7.20).
If we set the parameter dy = 0 (the two “holes” correspond at the same point,
at the center of the entrance pupil), coefficients α2 and α3 in eq. (7.19) go to zero,
and we obtain the relationship already seen with the monocular fundus camera.
Another proof that shows the monocular system cannot be used for 3D shape
reconstruction of the fundus, as it ”sees” a point of the retina always from the
same point of view (the entrance pupil), instead of the stereo system that has two
different points of view: one at +dy and the other one at -dy from the entrance
pupil.

7.3

Mapping Disparities to Spatial Coordinates

By considering measurements obtained with the calibration procedure described
in the Chapter 6, once lens distortions have been removed from the measurements,
one can accurately map disparities to depth values. Recall eq. (7.20); then the
depth Pz can be computed by using
Pz =

2α3
d − 2α2

(7.21)

In Fig. 7.3 we show the plot of the mean and 3 times the standard deviation of
the disparities measured at several depth positions of the checker-board.

7.4

Feature Matching

To establish the correspondences of a pair of images, we use an exhaustive search
based on normalized cross-correlation.
Let f be a portion of an image, defined in x, y under the window containing
the feature g positioned at (u, v). The use of cross-correlation for feature matching
is motivated by the distance measure (squared Euclidean distance)
d2f,g (u, v) =

X
x,y

[f (x, y) − g(x − u, y − v)]2 .

(7.22)
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Figure 7.3: Mapping disparities to spatial coordinates.
In the expansion of d2
d2f,g (u, v) =

X

[f 2 (x, y) − 2f (x, y)t(x − u, y − v)

x,y

+ g 2 (x − u, y − v)]
the term g 2 (x − u, y − v) is constant. If the term
constant then the remaining cross-correlation term
P

c(u, v) =

X

P

f 2 (x, y) is approximately

f (x, y)g(x − u, y − v)

(7.23)

x,y

is a measure of the similarity between the image and the feature.
There are several disadvantages to using eq. (7.23) for template matching:
- If the image energy f 2 (x, y) varies with position, matching using eq. (7.23)
can fail. For example, the correlation between the feature and an exactly
matching region in the image may be less than the correlation between the
feature and a bright spot.
P

- The range of c(u,v) is dependent on the size of the feature.
- Eq. (7.23) is not invariant to changes in image amplitude such as those
caused by changing lighting conditions across the image sequence.
The correlation coefficient overcomes these difficulties by normalizing the image
and feature vectors to unit length, yielding a cosine-like correlation coefficient
P
[f (x, y) − f¯u,v ][g(x − u, y − v) − ḡ]2
γ(u, v) = x,y n
(7.24)
o1
P
2
2
x,y [g(x − u, y − v) − ḡ]
where ḡ is the mean of the feature and f¯u,v is the mean of f (x, y) in the region
under the feature. We refer to eq. (7.24) as normalized cross-correlation.
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7.5

Disparity Map Estimation

Stereo vision problem can be considered as constructing a disparity map. The
disparity represents the distance of position difference about identical object between two rectified images. If we know the disparity and the baseline of cameras,
we can get the distance from camera center to some object in the image, that is,
3D information of image. In our case, to estimate the disparity between a pair of
images, we use the eq. (7.20).
Examples of disparity maps are given with the results of 3D reconstruction
in Section 7.7. Disparity maps are shown as gray level images where dark intensities correspond to points that are far from the camera and bright intensities
corresponds to points that are close to the camera. Red denotes locations where
estimation is unreliable due to lack of texture.

7.6

Sensitivity Analysis

In this section we experimentally compute the maximum accuracy in depth estimation that the examined stereo fundus camera can achieve. More precisely, we
are interested in the variation δz that we can appreciate by observing a variation
δd in the disparities. By recalling 7.21, and by computing the absolute value of
its variation with respect to d, we obtain
|δz| =

Pz2
2α3
|δd|,
|δd|
=
(d − 2α2 )2
2α3

(7.25)

where δz and δd are measured in mm and pixels respectively. As the variation δz
depends on Pz and δd, we fix δd = 1 pixel and let Pz vary. In Fig.7.4 we show a
plot of the variation |δz| for measured Pz on the calibration grid. Therefore, we
find that one can appreciate depth variations of ¡0.1 mm, which are sufficient to
detect glaucoma (see Chapter 2).

7.7

Experimental Results

To verify the efficiency of our calibration procedure, and the accuracy of the 3D
reconstruction of the fundus from stereo images, we have made by hand some
artificial shapes that reproduct the same depth and curvature of a real fundus.
We call them “fake eyes” and their 3D reconstructions (with the real shapes) are
shown in Fig. 7.5 and in Fig. 7.5.
We have not been able to do experiments with a monocular fundus camera
personally. Thus we have decided to take some images of a real retina, captured
from a monocular fundus camera MP1 (Nidek Technology Srl, Padova, Italy),
even it was not calibrated with our procedure.
We recover the disparity maps of two monocular fundus camera pairs and of
two stereo fundus camera pairs. The input images and the corresponding results
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Figure 7.4: Accuracy of a stereo fundus camera.
in the case of the monocular systems are shown in Fig. 7.7 and in Fig. 7.8, and
in the case of the stereo systems are shown in Fig. 7.9 and in Fig. 7.10.
Notice that the reconstructions obtained from monocular system do not resemble the depression of the optic disc, but rather, appear “flat” [30]. Instead,
in the case of stereo system, the depression of the optic disc is very visible and
allows diagnosis of glaucoma or other eye diseases.
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Figure 7.5: Comparison between the “fake eye” #1 and the 3D reconstruction
from rectified stereo images.
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Figure 7.6: Comparison between the “fake eye” #2 and the 3D reconstruction
from rectified stereo images.
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Figure 7.7: Example of monocular fundus camera 3D reconstruction.

Figure 7.8: Example of monocular fundus camera 3D reconstruction.
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Figure 7.9: Example of stereo fundus camera 3D reconstruction.

Figure 7.10: Example of stereo fundus camera 3D reconstruction.
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Chapter 8
Conclusions and Future Work
The work presented in this thesis deals with two problems: retinal imaging, and
3D reconstruction.
The 2D images of the retina that we have considered are captured with two
different type of fundus cameras: monocular and stereo. The analysis was initially
based on ideal models of the two camera systems, where lens aberrations were not
taken into account. Such aberrations, however, were considered in the calibration
procedure we have devised.
In this thesis we have shown that monocular systems do not provide 3D depth
perception of the retina and hence they cannot be used in place of stereo systems
to display 3D shape of the fundus. This is attributed to the fact that a monocular
system “sees” a point of the retina always from the same point of view (the
entrance pupil). Problem that is solved in a stereo system, that sees the fundus
from two different points of view. To validate this analysis, we have reported
several experiments on both stereo and monocular fundus cameras with standard
3D reconstruction algorithms.
Furthermore, we have devised a novel calibration procedure (specified for
stereo fundus camera) to quantify experimentally the highest accuracy achievable with a stereo system. We have found that one can appreciate variations of ¡
0.1 mm, which are sufficient to detect glaucoma.
A more accurate 3D model could be obtained by applying structure from
motion (SFM) with a stereo fundus camera. With more pairs of images considered together, the accuracy will increase and we could appreciate smaller depth
variations.
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